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The equations for large deflections of symmetrically loaded shells of
revolution contain a natural small parameter g2 (the relative thinness).
With the aid of asymptotic methods it has been shown that for small e
there is an equilibrium state of the shell for which the shell behaves
like a membrane everywhere except for a narrow section near the boundary
where an edge effect becomes evident. At the same time a practical method
of calculating this solution is developed.

1. Formulation of the problem. Consider the system of nonlinear
differential equations for the large deflection of symmetrically loaded
shells of revolution [1]
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where w is the deflection of the middle surface of the shell, Ehv/p is
the radial force, E is Young’s medulus, o is Poisson’s ratio, h is the
thickness of the shell, €2 describes the relative thinness, r, is the
radius of the external boundary, q(p) is the intensity of the normal
loading, and © is the angle of slope of the shell in the undeformed
state; in the case of a spherical shell, for instance, 6 = 6,p, where 0,
is the curvature.

The boundary conditions, when the shell is partially clamped along
the boundary, have the form

1378



The asymptotic integration of the system of equations 1379

(1.2)
u=0 whenp=1, — < oo, %<00 whenp =0

(such a type of boundary clamping has been chosen only for the sake of
definiteness; it can easily be changed later to some other common case,
such as hinged support).

We will investigate the asymptotic behavior of the solutions of the
problem (1.1,2) as € = 0. In the case of a plate (8 = 0), the relevant
research has been carried out in the work [2], where it was established
that the solution of the problem (1.1,2) is close to the solution of the
"degenerate" solution (the membrane problem) everywhere except in a small
neighborhood of the boundary p = 1 where there is an edge effect. For
this it was essential that, both in the degenerate, as well as in the
non-degenerate problem, there is uniqueness of the solution.

In the following, an important role is played by the degenerate prob-
lem (on the equilibrium of a membrane)

2
Avo_% =+ Buy = 0, uoo — B0y + ¢ (p) =0 (1.3)
dv ’
o Se0 mmret B wmes (0

whereby only those solutions of (1.3,4) for which vy >0 have physical
meaning. (The membrane is subjected to tensile forces only.) Such solu-
tions are called positive.

Theorems on the existence and uniqueness of
positive solutions will be proved in Section 2.
We remark that the solution of the problem
(1.3,4) in the case of a spherical shell and
uniform normal loading has been calculated
approximately by Surkin (3]. 1t is natural to
search for a solution of the problem (1.1, 2)
that is close to positive solutions of the prob-
lem (1.3,4). We will consider such solutions of
problem (1.1,2) for which v > 0 and denote them
membrane solutions. Moreover, it will be estab-
lished that, for sufficiently small &, such a
solution exists and is unique. Indeed, as € = 0 the membrane solutions
tend to positive solutions for the membrane.

At first sight it may seem paradoxical that, for example, in a
spherical shell subjected to the action of normal external loading (Fig.
1), only tensile forces are produced. This can be explained by the fact
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that, since in this case the thin shell turns inside out (Fig. 2), the
applied loading tends to increase the convexity of the shell.

For the proof of these facts firstly the
formal asymptotic expansioms of the solution of
problem (1.1,2) are constructed, which are
analogous to that obtained in the work (2] for $§k141(iJvL>jLiﬁh
the case of a plate (Section 3). In the vicinity ' i
of these expansions it is possible to apply
Newton's method as extended to operator equations
by Kantorovich fé]. Together with the derivation
of the above-mentioned qualitative results, the

asymptotic expansions constructed here also give a useful method of cal-
culating membrane solutions.

Fig. 2.

We note that the case of the shell is essentially different from the
case of the plate since the degenerate, as well as the non-degenerate
problem has, in general, several solutions. A unique solution can be
selected by means of the condition that the function v should be positive.

Below, for practical purposes, we will assume the following condi-
tions

mp® Ko (p) < mep?, B (p) < mgp (my, my, mg = const >0)  (1.3)

2. Membrane equations. We will prove that the problem (1.3,4) has
just one positive solution. From (1.3) it follows that

— g 9
b =03 D

The function vy(p) can be determined as the solution of the problem

dtd ¢ % 0
Lvy = dp pdp Ple = Zovgt  In
Yo - drg 3, =0 when p=1 2.2
; < oc  when g==0, Z pzo f (2.2)

Theorem 2.1. Let the conditions (1.5) be satisfied. Then the problem
{2.2) has no more than one positive solution.

In fact, if it is assumed that problem (2.2) has the two solutions
vylp) >0 and vy (p) >0 then, with the notation v, - vy = w, we will
have

(vo - vo') @%w® do

2;'32702 1.0'2 V

2.3)

Luww dp = [(izi>\g e —é— uj:‘dp A (3 o —é—)zcz (1) = —
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By employing the simple inequality
: dw 2 ¢ dw \?
wr(t) = ({3 de) <\(5) o (2.4)
0 1]

and by taking account of the positive definiteness of v, and v,’, we
find from (2.3) that

1
1 dw\2 | w? 2
T\ + 3¢ ]de +ow* (1) <0 (2.5)
0
Hence it follows that w = vy - v," = 0. For the existence proof we
make use of Chaplygin’s method in a form extremely close to that which
was developed by Babkin [5]; we thereby obtain at the same time an
effective method of constructing the positive solutions.

Theorem 2.2. Problem (2.2) has no less than one positive solution.

Proof. Firstly, we observe that problem (2.2) is equivalent to the
operator equation

% (p) = L (52 — ) (2.6)
where
1 11
p=—\n{r@®dada+eiE{n{r@ aam (2.7)
0 n 0 n
We introduce the function C(p) by the equality
1
2
¢ () = [ ] (2.8)
where @ > 0 is an arbitrary constant which satisfies the inequality
@t (max %) 4 a)<[1‘%(‘_—15‘-’]2 min & O<P<Y (29

A direct calculation shows that C(p) satisfies the inequality
_ 02 _ @? L0
L () <L (5% ) <L (55) + € p) (2.10)

We will show that the solution of the problem is the limit of the
sequence of functions {vn} determined by the relations

vy =L ( L 6

ST gm)s Teh =t — 8 (A=12..)  (2.1)

where §_ is the solution of the equations



1382 L.S. Srubshchik and V.I. Tudovich

8 dd

Lon + My —on =0, | <oo, = — =0 L, =0 (@12)
an=Lon—giptge, M =max [J5  0<e<h (243)

The quantity M is finite since, because of the condition !¢, < mlp2

and from (2.7,10,11), it follows that v (p) > m.p.

We now verify that a1<§ 0. In fact, by emploving (2.11) and (2.10),
we find

¢t .02 . @ (vt — C¥)

WTE~W<O (2-14)

11 = Lvl -

By using this fact, we will show that 61<§ 0. Multiplying (2.12), for
n =1, by § and integrating with respect to p, we find

1

2 (1) —-\alél dp  (2.15)

(8 &2+ g s o~

Ivl =
~—

=L 1

Estimating the left-hand side of (2.15) with the aid of the inequal-
ity (2.4), applied to 5, we are lead to
(a6, do >0 (2.16)
{]
If now it is assumed that Sl(p) is non-negative, it can be shown that,
in any interval [§1, §2J C o 1,8 (p);> 0 for p €[, €, and
5,(§,) =8,(§,) = 0. But this leads to a controdiction, since, analo-
gously to (° 16) for §l, €, ], we obtain

K 2,8, dp > 0 (2 17)
£,
Thus, it has been proved that &,(p) is non-positive, i.e. that

5,(p) <O.

From (2.15), by using (2.4) and the inequality

O

1

L

o de < 5 \ (35
0

we are lead to
1

(a1 + 3+ 20 )81 <§a16 dp < ol o,
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2.18)
o 3 (
oo, <, My=M+ 5420
We shall now show that a, <<0. We have
(pﬂ 02 _ sz (p!
az == va - ——zvzap —‘I'_ —25 - 29”12 - zp (vl — 61)1 + Mbl (2.19)

By applying the Lagrange formula, we rewrite (2.19) in the form

q)a
o= [M— o)t OSSO (2.20)

The fact that a,(p) is non-positive follows from (2.20) by virtue of
the definition (2.13) of the function M and the inequalities v, <0,
5, > 0. Moreover, (2.20) furnishes the following estimates

lag (p) | <M |8, (p) |, beole, < M| 8,1, (2.21)

From (2.12) we obtain

loaly,
18el, < 577 (2.22)

Similarly, it is possible to deduce the estimates

fog Mg,

Pl <= Howelp, <M |8, (k=1,2,...) (2.23)

Hence we obtain for arbitrary k >1
(2.24)
M

1
Dol < @loaly, I8l <& 3plul, 9=3=wr75<!
We will prove that the series v, — (§; + 8, + ...), and hence the
sequence {"k}' converges, as well as the first derivative, uniformly on

[0, 1] to some function v,. For this we pass over from (2.12) to the
equation

8 = L o — ML (2.25)

Now, from (2.24, 25), making use of (2.7), we obtain the estimate
(2.26)
)< ma (ol +18cl) <maglanly, G =1.2..0)

max (|6 [+ Idék
o<o<1 V¢ dp

Thus, the convergence has been established. It remains to be shown
that v, is the solution of (2.6). From (2.13) results the following
relation
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o =L ( ®__ .g;-) + L () (2.27)

2py,2
The last term in (2.27) converges uniformly to zero by virtue of
(2.24) and the boundedness of L™! as an operator acting from L, into the

space of continuous functions C. Moreover, we note that mp >v, > v, > mp,
where m and m;, are known constants. Therefore

By __ dvy
dp dp

P P?

when
py 2 poet —0 k= oo

]
5§’"5%%T|”k*"”o|<§’”e

and the Equation (2.6) for v, can be obtained from (2.27) by the limit
process k - o,

We observe that it is possible to construct another proof of Theorem
2.2, by taking into account that problem (2.2) is equivalent to the prob-
lem of the minimum of the functional

1
1 dv\? v? dv 2
I =5 {[p(R) +o—200 5+ Lt om]de  (228)
0
(the energy of the membrane) on the manifold of positive functions v
which satisfy the boundary conditions (2.2). At the same time the Ritz
method for calculating an approximate solution of problem (2.2) can be
justified.

3. Construction of the asymptotic representation. We intro-
duce the notation: Let the vector V= (v, u) be the solution, and P[V]
be the left-hand side the the system (1.1). For the solution (1.1,2) we
will construct an asymptotic representation in the form

nt1 n+1 n+1
v = ) &%, + ) ety + D) ey + Tn

l-:o c=:o 8=: (31)
u = Z eu, + 2 e'g, + 2 &8s + 2Zn

=0 s =0

The functions u (p), v (p) will be obtained by means of the first
iterative process t6T.

Indeed, we assume that
n
Vn = (v", u'n) (vﬂ = Z e5v;, ut = 2 e’u,) (3.2)
8=0 8=0

and require that
P [V,] = 0 (g"h) (3.3)
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By equating to zero the coefficients of €°, €', ..., € in (3.3), we
obtain for the determination of v,, u, the system of equations (1.3,4),
and for the determination of v,, 4, we obtain the system

Avs—% Z up; + fu; = 0, 2 upv; — 0o + Augy =
k-tj=s ki=s
(s=1,2,..., n41; u,=0) (3.4)

with the boundary conditions

vy dv, 5
— < oc, [————v] =B
[ P ],,:0 > dp IR P ¢

where B_ are as yet undetermined constants. The functions u,, v  do not
satisfy the boundary conditions (1.2) for p = 1, and, consequently, the
difference ¥ — V, will not be small in the vicinity of the points p = 1.
The resulting residuals in the fulfilment of the boundary conditions
(1.2) when p = 1 can be compensated by functions of the boundary-layer
type h (p), g,(p), which can be determined with the aid of the second
iteration process. Indeed, we will seek the difference V - V’l in the form

v— v = Z £y, u-—ut = 2 £"gm 3.5
m=0 m-=0

Moreover, let

e ] oo o]
r=1—p, = 2 varl, up = 2 ugrl, 08 = 2 O,r!

1=0 =0 =0
corresponding to the development in Taylor’s series at the point r = 0.
We substitute (3.5) into (1.1), make the substitution p =1 - et, and
equate the coefficients of €, ¢!, ..., &". With the calculation (3.3),
this leads to the following system of linear differential equations with
constant coefficients:

&h, ,
=0 (i=0,1) (3.6)
a2h
+2
g =Ribep + Rohs— D) tluwgi+ N tlugg —
ket l=s kit t1=s
1 1
— 5 D) 88+ 5 D) wegi+ > g — I A IT
i+j=s itjt1=s k+l=s k4-l41=s
d*g
= — Voogs = Rigs—y + RoZss + > tewgi— Y g+
ktitl=s k4 5Hld1=s

(54
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+ Z 8ihm — 2 an; - X, ttughy, — Z‘, HYugh,, —
j+m=s jmp1=s Ftemigelesa k-tom -] 4y==s
— Z‘ oy, - 2‘ 16,0, (3.7
hepl=s ] g ees
where
— o, () , d{) n () ()
Rl():2f t-z'?‘dt s 3.3()::—22-—-—-&2 e T—,—()
1
{7 2 2\ ..
82=81=0, 24= 1,_5\’1 §(~2—(%?'_ f) didn >0 (s=0,1,2,..)
0 1

Bequiring that g_makes up for the residue due to u_ in the fulfilment
of the boundary conditions u = 0 when p = 1, we obtain the boundary con-
ditions

gelimy = — e (s=0,1,...,n) (3.8)
The second boundary condition for g, and the cendition for h, are ob-

tained from the requirement that the solution has a boundary-layer
character in the vicinity of p = 1

Gl =0,  hl_ =0 (s=0,1,...,n) (3.9)
Ve determine the constants B by equating to zero the coefficients of
ef(s =0, 1, ..., n+ 1) in the equality
nl d(v, -~ h)
L S -
;0 e [ — 2, +hs)]p=1 =0 (3.10)

In particular, By = 0. From (3.6,9), it is clear that hy = h; = 0.
Indeed, hence follows the correctness of the choice of the boundary con-
ditions (1.4) for the positive solution in the problem of the equi-
librium of the membrane (1.3,4). From (3.7) to (3.9) we obtain, by virtue
of (3.6), when s = 0

dggp

i — T =0, Golimo = — Yo Bolimw =10, oo >0

(3.11)
8o = — gy exp (— Vgt) = — u, (1) EXP[—Vm 1_?2]

i.e. g, has the nature of a boundary-layer function of zero order. Now
we determine hy. From (3.7), (3.9) and (3.11) we obtain
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2 1
%‘*‘uo(i)go“}"jgoz“‘ﬂ(i)go:o’ hali—o =0

hy = — L8O (L oxp[— 297 D 15E] — exp[— Vo () 2]

Moreover, from the condition (3.10), equating to zero the coefficient
of ¢!, we find

B =2 lw)—8np
' 4 Vo)
The functions g_ can be determined from equations which are of the
same type as (3.11) but nonhomogeneous.

The infinitely differentiable, non-increasing functions « (p) and
B.(p) compensate for the disparities in the satisfaction of the boundary
conditions when p = 0, which are associated with the functions g (p) and
hs(p), and are

_—h () O<p<0.1), (=g, 0 ©O<p<O04)
“‘(”)"{ o' 2<p<t), Bs (")"‘{ 0 02<p<1)

Thus the process of constructing an asymptotic representation reduces
to the following. We find the positive solution vy, u, of the problem
(1.3,4), and from (3.11) we determine g,. Then, from (3.4) we success-
ively find v, u_, and from (3.7) to (3.9) we find b, g, (s =1, 2, ...).

4. Justification of the asymptotiec expansions. FExistence of
the membrane solution. We introduce the notation ¢, = v - x), ¢, = u - z,.

Lemma 4.1. For ¢, and y, we have the valid estimates

A(Pk “‘"%‘pkg + ka = O (pe*+1) *, 82A‘Pk + Prbr — ﬁ\bk + 9 (p) = O (pe*+Y)
(4.1)
(the condition f(p, €) = Olpe¥*!) means that |f(p, &) L mpektl).

We omit the proof, since it is almost a literal repetition of the
proof in the case of a plate.

Lemma 4.2. For sufficiently small (0 < g < g,) for all pe [0, 1]
the following inequalities are valid

>0, %> >m>0 (4.2)

Here v»; is defined by (2.11). We have
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k+1 kL1
= Z eV - Z eshs°, hs® = hy + a,
8=0 8=0
Taking into account that hy = 0, as well as the estimates v (p) =
O(p), h °(p) = 0(p), we have
P = o + 0o (ps) (43)

Now the inequality (4.2) follows immediately from (4.3), if use is
made of the relation v, > v, > mp which was mentioned during the proof

of Theorem 2.2.
We introduce the Banach space of the vectors V= (v, u):

1) consiting of the vectors with the finite norm

1
(L) V=" dp (4.4)

0

2) the closure of the manifold of smooth vector-functions, satisfying
the conditions (1.2), by the norm

Wo) Vit = {5 (49 + (4u)*)dp (4.3)

0

The problem (1.1,2) will be treated as the functional equation
P[VI=0 (4.6)

where the operator P is defined by the left-hand side of the system (1.1)

and operates from Wb into Lp'

Theorem 4.1. The problem (1.1,2) has one and only one membrane solu-
tion. The uniqueness is proved in exactly the same way as in the case of
the plate [7]. For the proof of existence use is made of a theorem of
Kantorovich [4] on the convergence of Newton’s method. For the initial
approximation, V,* = (@,, v,) is taken.

In the application to the present problem, the theorem is formulated
in the following manner.

Theorem 4.2. Suppose the operator P has been defined inside the
sphere Q(||V - ¥ *1\’1 ) of the space ﬁpand that in the closed sphere
Q (H V-V *!;<( r) it has a continuous second derivative. Suppose also
that

1) there exists a linear operation Iy = [Pv,+" (V)I~
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DT Ve D e <m

e

D TP (V) e, <K (Ve )

{— ¥ 1T—2h
h

N }¥ﬂ§§~za, - e

Then Fquation (4.6) has the solution V*, to which Newton's process
converges. In this

Ve — Vi <o (4.7)

It is clear that the conditions of the theorem are satisfied if

1P () Iy | Pope IR IPY 1< (4.8)

Ve will now prove that (4.8) is satisfied for sufficiently small e
and for arbitrary k& > 3. From (4.1) we deduce

[P (Vi) I, < mefit (4.9)
We make an estimate of the second factor in (4.8). Ve have
ka: (V) = (Av — ¥, u + Ou, du + .0 + ¢u — 62) (4.10)

From (4.10) we obtain

t . =
R?ka‘(V) Vdp =

.
@

[ T [ R

2
Jg‘- dp (4.11)

O s

From (4.11), by using (4.2) and (2.4), we deduce
1
X Py: (V) Vdp > 2| V],

0

Then, it follows that
I Py (W)l > e VI, (4.12)

Applying the inequality (4.12), it is not difficult to prove that the
operator Iv,,’ has an inverse and that we have the estimate

[Pyl | < (4.13)

For the estimate of lIPv’WI, we consider the bi-linear form
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Py (V) (V) = (—u’ u”, u'v" + u"v') (4.14)

Now we make note of the validity of inequalities of the form of "im-
bedding theorems™*

1
\ 7 +u do < m| ¥V jW , max || < m §§V{pr (4.15)

5 01

which are easily deduced from (4.5) and the integral representations of
u, v in terms of 4u and Av respectively. Therefore

"Pv”(\”)(\w)mwz<§1n2"\”ﬂ“}3ﬂ¥wlm22 {4.16)
Whence there results the estimate
1PV < my (4.17)
From (4.9}, (1.13) and ({.17) we obtain

1P (Vi 10w 17 BUPY | << mgeb 5 < 5 (4.18)

if k > 3 and ¢ is sufficiently small (0 < & < ¢,). Hence, the conditions
of the theorem of Kantorovich are satisfied. Therefore, Fquation (4.6),
which is equivalent to the problem (1.1,2), has the solution ¥* = (v, u)
for which an estimate of the form (4.7) helds

MV* — Vi* ”W; < 7

Calculating the value of r, with the aid of the inequalities (4.9) and
(4.13), we find

IVE— Vi Smeh™r (6>3) (4.19)
Finally, from (4.19}, with the aid of (4.3} and (41.15), we obtain
v == vy + O (pe) (4.20)
Hence it follows that v >mp, if ¢ is sufficiently small. This means

that the constructed solution V* is a membrane one. Theorem 4.1 has been
proved.

* Translator’s note: In the Russian literature this expression refers
to a number of theorems attributed to S.L. Sobolev. See, for instance,
Smirnov; Kurs Vysshei ¥atematiki, Vol. 5, Section 114.



The asymptotic integration of the system of equations 1391

The condition v >>0 allows the application of the reasoning in the
work [2], and the following conclusions are obtained.

Theorem 4.3. For the membrane solution of problem (1.1,2) the asymp-
totic representations (3.1) are valid, and, moreover, the remainders are
bounded by the following estimates:

L

k+
max |z (p) | < myekty, max | zx (p) | < mqe (k=0,1,...)
0<eg1 0<P<1
dz, dz,, X 9 3
max —|<m;,s"+1 (k==0,1,...), max |——| < meett (k==2,3,...)
ool AP 0<p<1
k———;— ., k—-%
max |7 k| < mge (k=1,2,...), max |_*|<mee (k=34...)
o<p<1| dpt o< <1 | 2pt
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